We study constraints on the CP violating phase γ in the Kobayashi-Maskawa model using available experimental data. We first follow the conventional method to up date the constraint on γ by performing a χ 2 analysis using data from |ǫ K |, ∆m B d,s and |V ub /V cb |, we obtain the best fit for γ to be 65 • and the 95% C.L. allowed range to be 39 • ∼ 84 • in agreement with previous analysis.
I. INTRODUCTION
The origin of CP violation is still a mystery although it has been observed in neutral kaon mixing more than 35 years. One of the most promising model for CP violation is the model proposed by Kobayashi and Maskawa in 1973 [1] . This is now referred as the Standard Model (SM) for CP violation. In this model CP violation results from a non-removable phase γ in the charged current mixing matrix, the Cabbibo-Kobayashi-Maskawa (CKM) matrix [1, 2] , V CKM . There are also other mechanisms for CP violation. To understand the origin of CP violation, it is important to study in every detail of a particular mechanism against experimental data. In this paper we carry out a study to constrain the CP violating phase in the SM using available experimental data.
The CKM matrix V CKM is a 3 × 3 unitary matrix and is usually written as
In the literature there are several ways to parameterize the CKM matrix. The standard particle data group parameterization is given by [3] V CKM = 
where s ij = sin θ ij and c ij = cos θ ij are the rotation angles. A non-zero value for sin δ 13
violates CP. Another commonly used parameterization is the Wolfenstein parameterization [4] which expands the CKM matrix in terms of λ = |V us | and is given by
The parameters A, ρ, η are of order unity. When discussing CP violation in kaon system, it is necessary to keep higher order terms in λ, namely, adding −A 2 λ 5 (ρ + iη) and −Aλ 4 (ρ + iη)
to V cd and V ts , respectively. CP violation in this parameterization is characterized by a non-zero value for η.
Due to the unitarity condition, one has
In To a very good approximation the phase δ 13 is equal to γ. In terms of ρ and η, the angles α, β and γ are given by:
In this paper we will concentrate on obtaining constraint on the phase γ. flavor changing semi-leptonic B decays. The best fit value for γ from these considerations is around 65
• [5] .
During the last few years, several rare charmless hadronic B decays have been measured [6] . Some of these decays are sensitive to γ and therefore can be used to constrain it [7, 8] .
Analysis based on naive factorization approximation suggests that γ tends to be larger than 90
• in conflict with the analysis mentioned earlier [7, 8] . If confirmed, it is an indication of new physics beyond the SM. Of course due to uncertainties in the experimental data and theoretical calculations, it is not possible to draw a firm conclusion whether this conflict is real at present. To improve the situation, in this paper we will carry out an analysis replacing the naive factorization assumption by more general SU(3) flavor symmetry for the rare charmless hadronic decays of B to two SU(3) octet pseudoscalars P 1 and P 2 , that is,
SU (3) analyses for B decays have been studied by many groups and several interesting results, such as relations between different decay branching ratios, and ways to constrain and/or to determine the phase γ, have been obtained [9] [10] [11] [12] [13] . SU(3) symmetry is expected to be a good approximation for B decays. At present experimental data from B → DK(π) support such an expectation [9] . However more tests are needed, especially in rare charmless hadronic B decays. Recently it has been shown that such tests can indeed be carried out for rare charmless hadronic B decays in an electroweak model independent way in the future [12] . Before this can be done, however, SU(3) symmetry can only be taken as a working hypothesis. In the rest of the paper we will study constraints which can be obtained from rare charmless hadronic B → P P decays based on SU(3) symmetry. We will also study SU(3) breaking effects using model calculations.
The paper is arranged as follow. In section II, we will review and up date the constraint on γ using information from ǫ K , ∆m B d,s and |V ub /V cb |. In section III we will carry out a χ 2 analysis of γ using rare charmless hadronic B → P P decay data based on SU (3) symmetry. We will also discuss SU(3) breaking effects. In section IV, we will make a combined study using results from sections II and III. And in section V, we will discuss some of the implications of the results obtained and draw our conclusions.
In this section we review and up date the constraint on γ using experimental and theoretical information on ǫ K , ∆m B d,s and |V ub /V cb |. Such an analysis has been carried out before. The analysis in this section is an up date of the previous analyses which also serves to set up our notations for later use.
There exist quite a lot of information about the CKM matrix [3] . The value of V us is known from K l3 decay and hyperon decays with good precision:
The parameter A depends on λ and on the CKM matrix element |V cb |. Using experimental data from B →D * l + ν and B →Dl + ν and inclusive b → clν, analysis from LEP data obtains V cb = 0.0402 ± 0.0019, and data from CLEO obtains V cb = 0.0404 ± 0.0034. The central values of these two measurements are close to each other. In our analysis we will use the averaged value which leads to A = 0.835 ± 0.034.
The value for |V ub | has also been studied using data from B → πlν l , B → ρlν l and inclusive b → ulν l with
To separately determine ρ and η (or γ), one has to use information from other data. In the rest of this section we will carry out a χ 2 analysis using constraints from the measurements of 
The precise measurements of the K S → ππ and K L → ππ decay rates imply [3] :
Evaluating the so called "Box" diagram, one obtains
where η tt = 0.574 ±0.004, η ct = 0.47 ±0.04 and η cc = 1.38 ±0.53 [14] are the QCD correction
, and B K = 0.94 ± 0.15 [15] is the bag factor. The functions f 2 and f 3 of the variables y t = m given by [16] :
Neutral mesons B 
The mass difference ∆m B d = m B H − m B L can be measured by means of the study of the oscillations of one CP eigenstate into the other. The world average value for ∆m B d is [17] :
The contribution to ∆m B d is from analogous "Box" diagrams as that for ǫ K , but with the dominant contribution from the top quark in the loop. One obtains
where [18] , η B = 0.55 ± 0.01 [14] and the function f 2 is given by Eq. (9). ∆m Bs > 14.9ps
The expression for ∆m Bs in the SM is similar to that for ∆m B d . ∆m Bs can be written as:
where all the theoretical uncertainties are included in a quantity ξ, which is given by [18] :
The ρ and η parameters can be determined from a fit to the experimental values of the observables described in the above. In the analysis we will adopt the strategies used in previous analysis in the literature fixing the known parameters, theoretical or experimental, to their central values if their errors were reasonably small reported in the left half of Table   I . The quantities affected by large errors will be used as additional parameters of the fit, but including a constraint on their value as shown by the right half of Table I . All errors will be assumed to be Gaussian. This assumption may result in stringent constraints more than actually can be achieved because some of the errors may obey different distributions, for example those errors come from theoretical estimates may obey flat distribution. Nevertheless, the results provide a good indication for the values of the parameters involved.
To obtain the best fit values and certain confidence level allowed ranges for the relevant parameters, we perform a χ 2 analysis using the above information. The procedure for χ 2 analysis here is to minimize the following expression:
The symbols with a hat represent the reference values measured or calculated for given physical quantities, as listed in Table I , while the corresponding σ are their errors. The 
[3] η ct = 0.47 ± 0.04 [14] f K = 0.1598 ± 0.0015GeV [3] η cc = 1.38 ± 0.53 [14] ∆m K = (0.5300 ± 0.0012) × 10 −2 ps −1 [3] m c (m c ) = 1.25 ± 0.10 GeV [3] m K = 0.497672 ± 0.000031 GeV [3] m t (m t ) = 165.0 ± 5.0 GeV [3] m W = 80.419 ± 0.056 GeV [15] m Bs = 5.3696 ± 0.0024 GeV [3] ξ = 1.14 ± 0.06 [15] η tt = 0.574 ± 0.004 [14] 
The inclusion of the ∆m Bs data needs some explanation. The experimental data consists of measured values of A(∆m Bs ) and σ A (∆m Bs ) for various values of ∆m Bs plot in Figure   2 . To include this data in the fit, for each set of free parameters (A, ρ, η, ξ) we calculate the value of ∆m Bs and find the corresponding experimental values of A and σ A in Figure 2 . Since a nonzero value of ∆m Bs implies that there is B 0 s −B 0 s mixing, theoretically one should have A = 1. For this set of parameters we therefore add to the global χ 2 a factor 
The 95% C.L. allowed regions for the above quantities are expressed as: 0.03 < ρ < 0.39, 0.22 < η < 0.50,
These results agree with previous analyses [5] . In Figure 4 we show the minimal χ 2 as a function of γ for the fit using |ǫ K |, ∆m B d,s
and |V ub /V cb |. It is clear that χ 2 changes with γ dramatically. When going away from the minimal, χ 2 raises rapidly indicating a good determination of γ.
There are also direct measurements of sin 2β by several groups from the time dependent CP asymmetry in B → J/ψK S . In the SM this asymmetry is given by
The values measured by different groups are,
0.12 ± 0.37 ± 0.09; BaBar [19] 0.45
−0.44−0.09 ; Belle [19] 0.79
−0.44 ; CDF [20] 0.84 The averaged value is sin 2β = 0.44 ± 0.24.
For a given sin 2β there are, in general, four solutions for γ with two of them having negative η and another two having positive η. To determine which one of them is the right solution, one has to use other information. Using the information from our previous fit, we can rule out some of the solutions. The allowed ranges for ρ and η from the averaged value for sin 2β is shown in Figure 3 by the straight ray lines. Since the fit from |ǫ K |, ∆m B d,s
and |V ub /V cb | determines η > 0, only solutions with η > 0 are allowed. It is clear that one of the values for ρ and η determined from sin 2β measurement can be consistent with the fitting results in Eqs. (18) and (19) . One can also include the measured sin 2β into the χ 2 analysis. At present inclusion of this information does not change the best values and allowed ranges for ρ and η significantly. More accurate data on sin 2β is needed to have a better determination of the CP violating phases.
III. DETERMINATION OF γ FROM CHARMLESS HADRONIC B DECAYS
In this section we study how the phase γ can be constrained from experimental data on B → P P decays, based on flavor SU(3) symmetry consideration.
A. The Quark Level Effective Hamiltonian
The quark level effective Hamiltonian up to one loop level in electroweak interaction for charmless hadronic B decays, including QCD corrections to the matrix elements, can be written as
The coefficients c 1,2 and c Coefficients (WC). These WC's have been evaluated by several groups [22] , with |c 1,2 | >> |c j i |. In the above the factor V cb V * cq has been eliminated using the unitarity property of the CKM matrix. The operators O i are defined as [22] ,
where 
where
are given in Ref. [23] B. SU(3) Structure of the Effective Hamiltonian
To obtain B decay amplitudes, one has to calculate hadronic matrix elements from quark operators. At present there is no reliable methods to calculate these matrix elements although simple factorization calculations provide some reasonable results for some decays,
but not all of them [24] . It motivates us to carry out model independent analysis by studying properties of the effective Hamiltonian under SU(3) flavor symmetry and use them to obtain information about related decays.
In general the decay amplitudes for B → P P can be written as
where T (q) contains contributions from the tree operators O 1,2 as well as penguin operators O 3−11 due to charm and up quark loop corrections to the matrix elements, while P (q) contains contributions purely from penguin due to top and charm quarks in loops. The amplitude T in Eqs. (25) is usually called the "tree" amplitude which will also be referred to later on in the paper. One should, however, keep in mind that it contains the usual tree current-current contributions proportional to c 1,2 and also the u and c penguin contributions
proportional to c uc i with i = 3 − 11. Also, in general, it contains long distance contributions corresponding to internal u and c generated intermediate hadron states. In our later analysis, we do not distinguish between the tree and the penguin contributions in the amplitude T . (3) for some operators. For ∆S = 0 decays, O 2 can be written, omitting the Lorentz-Dirac structure, as [12] :
The3, 6 and 15 indicate the SU(3) irreducible representations. The non-zero entries of the matrices H(i) in flavor space are [9] : 
Here 1 = u, 2 = d and 3 = s with the upper indices indicating anti-quarks and the lower ones indicating quarks.
For ∆S = 1 decays, one has
The non-zero entries are [9] : 
For ∆S = 0, the operators O 1,2 , O 3−6 , and O 7−10 can be decomposed as
The operators O 5 and O 6 have same SU ( 
One can write the T amplitude for B → P P as [9] 
due to the anti-symmetric nature in exchanging the upper two indices of H ij k (6), and the symmetric structure of the two mesons in the final states, C 6 −A 6 always appear together [9] .
We will just use C 6 to indicate this combination. There are 5 complex independent SU (3) invariant amplitudes. The results for each individual B decay mode are shown in Table II .
Similarly one can write down the expressions for the penguin induced decay amplitudes P .
Since there are both tree and penguin amplitudes C 
),
). 
We have checked that the approximation signs in the above are good to 10 −4 .
At leading order QCD correction, the above relations are renormalization scale independent, and therefore to this order the coefficients C i and A i are also so. This can be seen from the fact that when keeping terms which mix only between O 1 (O 9 ) and O 2 (O 10 ), the dominant QCD correction gives: c 1(9) (µ) + c 2(10) (µ) = η 2/β [c 1 (9) 
and c 1(9) (µ) − c 2 (10) ). Using the fact that an overall phase can be removed without loss of generality, we will set C P 3 to be real. There are in fact only 13 real independent parameters for B → P P in the SM.
One can further reduce the parameters with some dynamic considerations. To this end we note that the amplitudes A i correspond to annihilation contributions, as can be seen from Eq. (33) where B i mesons are contracted with one of the index in H(j), are small compared with the amplitudes C i from model calculations and are often neglected in factorization calculations [7, 24] . Neglecting all annihilation contributions, we then have just 7 independent hadronic parameters in the amplitudes
The phases in the above are defined in such a way that all C T,P i are real positive numbers.
We will make the assumption that annihilation amplitudes are negligiblly small in our later analysis and leave the verification of this assumption for future experimental data. We point out that this assumption can be tested using
B → P P decays, because these decays have only annihilation contributions as can be seen from Table 2 [11, 12] .
D. Constraint on γ from B → P P Decays
We are now ready to carry out a χ 2 analysis using data from B → ππ and B → Kπ.
The experimental data to be used are shown in Table III .
In general the errors for the experimental data in Table III are correlated. Due to the lack of knowledge of the error correlation from experiments, in our analysis, for simplicity, we take them to be uncorrelated and assume the errors obey Gaussian distribution taking the larger one between σ + and σ − to be on the conservative side. When combining from different measurements, we take the weighted average. For the data which only presented as upper bounds, we assume them to obey Gaussian distribution and taking the error σ accordingly.
The χ 2 analysis in this case is to minimize the χ 2 given in the below
where the summation on i is for the available decay branching ratios and CP asymmetries listed in Table III . σ Br,CP are the corresponding errors. Here χ 2 (A, |V ub /V cb |) is the χ 2 due to uncertainties in A and |V ub /V cb | as in section II. The branching ratios Br(i) and CP asymmetries A CP (i) expressed in terms of decay amplitude
for a particular B → P 1 P 2 are given by
The amplitudes T (i) and P (i)
for each individual decay can be read off from Table II 
A CP (B →K 0 π − ) 0.18 ± 0.24 [29] 0.18 ± 0.24 For the fit with exact SU(3), the best fit value is indicated by the "+" symbol and the χ 2 −χ 2 min = 1 (39% C.L.) allowed regions are inside the region in the solid curve. For the case with SU(3) breaking effects, the best fit value is indicated by a diamond shaped symbol and the 39% C.L. allowed region is inside the dashed curve.
And the best fit values for ρ, η and γ are ρ = 0.14, η = 0.39, γ = 70
The constraint is weak. We have not listed the 68% allowed ranges because to that level, the constraints are basically given by |V ub /V cb |. We have to wait more accurate data to obtain more restrictive constraints.
At present the errors on the asymmetries are too large and do not really provide stringent constraints. However, we include them here hoping that they will be measured soon. By then one can easily include them in the fit to obtain more stringent constraint on γ.
In Figure 5 , we show the regions allowed by χ 2 − χ 2 min = 1 in the ρ − η plane by the solid curve. As mentioned that at present the constraint is weak which can also be seen from Figure 6 where the minimal χ 2 as a function of γ is shown by the curve (a) for the case with exact SU (3) The curve (a) is for the case with exact SU (3), and the curve (b) is for the one with SU (3) breaking effects. The curves (a1) and (b1) are for the cases with the additional condition
e iδ 15 = 0 with exact SU (3) and with SU(3) breaking effects, respectively.
68% allowed region is actually the same as that from |V ub /V cb | alone. However, when more precision data for rare charmless B → P P become available, the restriction will become more stringent. For example, if the errors bars for all the quantities are reduced by a factor of 2.45, then the regions in Figure 5 correspond to 95% C.L. allowed regions.
SU (3) may not be an exact symmetry for B → P P . We now estimate SU(3) breaking effects. The amplitudes C i for B → ππ and B → Kπ will be different if SU (3) is broken. At present it is not possible to calculate the breaking effects. To have some idea about the size of the SU(3) breaking effects, we work with the factorization estimate. To leading order the relation between the amplitudes for B → ππ decays C i (ππ) and the amplitudes for B → Kπ decays C i (Kπ) can be parameterized as C i (Kπ) = rC i (ππ), and r is approximately given
Here we have assumed that the SU (3) 
The best fit values for ρ, η and γ are given by
The SU(3) breaking effects although visible, both the results with and without SU (3) breaking effects can not be distinguished at present. But when more accurate data become available, the difference will be more visible and can be distinguished with high confidence level.
In the literature it has often been quoted that O 1,2 do not contribute to
In the SU(3) language used here,
e iδ 15 = 0. This result has been used to derive several methods to determine the phase γ. We stress that this is not a result from SU (3) consideration and need to be checked. For this reason we also carried out analyses with the condition C = 0. For this case, the minimal χ 2 as a function of γ are also shown in Figure 6 (curves (a1) and (b1)) with exact SU (3) 
The imposition of C = 0 does not force these coefficients to be real. In order to get C to be zero, the real and imaginary parts both have to cancel to satisfy the condition. The implications of this analysis will be discussed later.
IV. COMBINED FIT
In this section we carry out a combined fit of the sections II and III. The total χ 2 (total)
is the sum of the χ 2 (II) from section II plus the χ 2 (III) from section III. The results are shown in Figures 7 and 8 . (3) and with SU (3) breaking effects, respectively.
In the above we have not give errors for the hadronic parameters because the constraints on them are weak. 
and the 95% C.L. allowed ranges for ρ, η and γ are 0.03 < ρ < 0.36, 0.22 < η < 0.50, −0.82 < sin 2α < 0.43, 0.48 < sin 2β < 0.94, 42
The best combined fit values with SU (3) 
and the 95% C.L. allowed ranges for ρ, η and γ are 0.03 < ρ < 0.36, 0.22 < η < 0.50, −0.82 < sin 2α < 0.42, 0.49 < sin 2β < 0.94, 42
V. DISCUSSIONS AND CONCLUSIONS At present the rare charmless hadronic B decay data have large error bars. The χ 2 related is large but with χ 2 divided by the degree of freedom less than one. The main contribution to the χ 2 for the analysis in sections III and IV come from the branching ratio forB 0 →K 0 π 0 .
In the cases discussed, this mode alone contribute about 3 to the χ 2 . The best fit value of the branching ratio is only about half of the experimental central value. We suspect that there may be some systematic errors in the measurement of this branching ratio. If the present central value persists, it may be an indication of badly broken SU(3) symmetry or new physics beyond the SM. It is important to improve the precision of experimental data to decide whether new physics is needed.
Because of the large error bars associated with the B → P P data, the ranges determined for the related parameters have large error bars. Especially the phase γ has a large range allowed using the B → P P data alone. However, the fit shows no conflict between the fit from the consideration using |ǫ K |, ∆m B d,s and |V ub /V cb | data. In fact the central values obtained are all close to γ = 65
• . Future experimental data will be able to provide a more accurate determination of the phase γ.
Before closing we would like to make a few comments about our analysis and some other related calculations. Our first comment concerns the general SU(3) analysis and factorization calculations.
Assuming factorization and SU (3) symmetry, that is the decay constants for all octet pseudoscalars P are equal, and the form factors for B → P are also equal, one obtains [24] 
In the above we have used the convention with C P 3 to be real. The amplitudes are in the same order of magnitude as the best fit values in sections III and IV, but the phase can be very different. In the factorization approximation calculation here, phases are only due to short distance interaction, rescattering of quarks. Long distance contributions can change these phases. The results of the best fit values for the phases indicating that there may be large long distance rescattering effects.
Our second comments concerns the combination of the SU(3) invariant decay amplitude
It has been usually assumed that in the literature that C = 0. This leads to Br(B + → K 0 π + ) = Br(B − →K 0 π − ). This result played a crucial role in several methods to constrain and to determine the phase γ, for example, using [8] 
We point out that C = 0 is based on factorization calculation neglecting annihilation contributions and also penguin contributions [24] . In fact, using factorization calculation when penguin contributions are included, C does not equal to zero, but C = C T 3 (penguin). C T 3 (penguin) can be obtained from Eq.(51) (the terms proportional to c uc i in C T 3 . In the factorization framework, we can easily check whether C = 0 is a good approximation. Using the result in Eq. (51) we find that the |C T 3 (penguin)/C T 3 | is of order 5%. It is therefore reasonable to assume the penguin contribution to be small and C ≈ 0.
One should also be aware that when going beyond factorization approximation and include rescattering effects C may deviate from zero. It should be tested. The fitting program proposed in this paper can be easily used to achieve this goal. From the best fit values in the previous sections, we clearly see that C can easily deviate from zero, for example, in the case with exact SU(3), the best fit value using rare B decay data obtains, C = −0.115 − i0.145 and with SU(3) breaking effects, C = −0.019−i0.098 which are the same order of magnitude as individual C T i . One needs more data to achieve a better test. Until then, the use of the methods based on the above equation have to be treated with caution.
Our final comments concerns the uncertainties in the present analysis. In this paper we have developed a method based on SU(3) flavor symmetry to determine the CP violating phase γ. We find that when annihilation contributions are neglected, there are only seven hadronic parameters in the SM related to B → P P decays. The annihilation contributions are small is based on factorization approximation. If it turns out that they are not small, as some model calculations indicated that the penguin related annihilation contribution A P 3 may be sizeable, one needs to include it into the analysis. However, from Table II one can see that A P 3 does not show up in B → Kπ decays, but only to B → ππ which is suppressed by small Wilson coefficients. One can also carried out an analysis including A P 3 into the fit when more experimental data become available. Future experimental data with better accuracy will provide more information.
In the estimate of SU(3) breaking effects, we have parameterized the SU(3) breaking effects in a simple form with C i (Kπ) = (f K /f π )C i (ππ). In general the SU(3) breaking effects may be more complicated. More systematic study of SU(3) breaking effects are needed in order to obtain more accurate determination of the phase γ. But in any rate we hope that the method developed here will help to provide useful information about the hadronic matrix elements and also the CP violating phase γ.
In conclusion, in this paper we have developed a method to determine the CP violating phase γ based on the flavor SU(3) symmetry. We find that present data can already give some constraint on γ and it is consistent with the constraint obtained by using |ǫ K |, ∆m B d,s
and |V ub /V cb | data which gives the best fit value for γ to be 65
• . We also carried out an analysis combining data from ǫ K , ∆m B d,s , |V ub /V cb | and data from rare charmless hadronic 
